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Abstract In this paper, we use sliding mode control
integrated with an interval type-2 fuzzy system for
synchronization of two different chaotic systems in
presence of system unmodeling and external disturbances. To reduce the chattering and improve the robustness of reaching phase of the Sliding Mode Control (SMC), an interval fuzzy type-2 logic controller is
used. In addition, an adaptive interval type-2 fuzzy inference approximator is proposed (as equivalent control part of SMC) to approximate the unknown parts
of the uncertain chaotic system. Using type-2 fuzzy
systems makes more effective synchronization results
in presence of system uncertainty and disturbances
in comparison with type-1 fuzzy approximators. The
stability analysis for the proposed control scheme is
provided, and simulation results compare the performance of interval type-2 fuzzy and type-1 fuzzy conM. Roopaei () · M. Zolghadri Jahromi ·
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trollers to verify the effectiveness of the proposed
method.
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1 Introduction
Since the publication of two relevant papers by Ott
et al. [1] and Pecora et al. [2] in 1990, control and
synchronization of chaos have become very important topics on the applications of nonlinear systems,
and different approaches for chaos synchronization
have been proposed by many researchers. Many applications of chaos synchronization in physical, chemical, biological, and many other practical systems
are the reason for such an immense interest. Some
possible application areas are in secure communications, optimization of nonlinear systems performance,
modeling brain activity, and pattern recognition phenomena [1–6]. We also note that, in a wider sense,
nonlinear dynamics can play an extremely important
role in resolving outstanding problems in theoretical
physics [7].
Synchronization of chaotic systems is a difficult
task as the characteristic of chaos is extremely sensitivity to initial conditions. In 1993, the cascade synchronization method [8] was presented by Pecora and
Carroll. They demonstrated that the cascading of synchronized chaotic systems allows the reproduction of
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all of the signals in the original chaotic system using
only one signal to monitor the synchronized motions.
Recently, the study of chaos synchronization has
become a hot spot in the nonlinear dynamics field,
and researchers in this field have explored a variety of
problems on chaos synchronization, such as the stability conditions for chaos synchronization, the realization for a successful synchronization, the applications
of chaos synchronization, and so on [9–16].
In the past 15 years, many techniques for chaos
control and synchronization have been developed.
These include periodic parametric perturbation [17],
drive-response synchronization [18], adaptive control [19–23], variable structure (or sliding mode) control [24–26], backstepping control [27, 28], H∞ control [29], fuzzy control [30], and many others.
Since Zadeh [31] initiated the fuzzy set theory,
Fuzzy Logic Control (FLC) schemes have been widely
developed and successfully applied to many realworld applications [32]. Besides, adaptive FLC
schemes have been used to control and synchronize
the chaotic systems [33, 34]. In recent years it is shown
that type-1 fuzzy systems have difficulties in modeling and minimizing the effect of rule and data uncertainties [35–41]. One reason is that a type-1 fuzzy set
is certain in the sense that the membership grade for
a particular input is a crisp value. The type-2 fuzzy
sets which are characterized by membership functions
(MF) that are themselves fuzzy was first introduced
by Zadeh [42] and has been attracting many interests [35–41]. For such type-2 sets, each input has unity
secondary membership grade defined by two type-1
MF, upper MF, and lower MF.
Recently, type-2 fuzzy sets have been successfully applied on different applications as type-2 fuzzy
neural network [43], image processing [44], embedding intelligent agents [45], pattern recognition
[46, 47], mobile robots control [48], and fuzzy controller designs [49, 50].
In this paper, the proposed Adaptive Interval type-2
Fuzzy Controller (AIT2FC) integrated with Sliding
Mode Controller (SMC) methodology can synchronize two chaotic oscillators in the presence of data uncertainties, unpredicted internal disturbance, and external disturbances (in both of master and slave systems). To design the reaching phase of the SMC,
a type-2 fuzzy logic controller is used. This will reduce the chattering and improves the robustness of
the scheme. A type-2 fuzzy approximator is also used

M. Roopaei et al.

as equivalent control part of SMC to approximate the
unknown parts of the uncertain system using type-2
fuzzy sets.
One of the most important issues for fuzzy control
systems is how to deal with the guarantee of stability
and control performance. In this paper, we prove the
closed-loop system global stability in the Lyapunov
sense. Simulation results show that the AIT2FSMC
can achieve a certain goal accurately in the presence
of significant plant uncertainties without concern for
external disturbances.
The rest of this paper is organized as follows:
Sect. 2 presents system description. A brief description of interval type-2 fuzzy systems is introduced in
Sect. 3. Design of the proposed controller is discussed
in Sect. 4. Simulation results are given in Sect. 5. Finally, conclusions are given in Sect. 6.

2 System description and problem formulation
In this paper, we study a class of chaotic n-dimensional
systems having the following system description:
Master System


ẋi = xi+1 , 1 ≤ i ≤ n − 1
ẋn = g(x, t)
x = [x1 , x2 , . . . , xn ] ∈ Rn

(1)

Slave System


ẏi = yi+1 , 1 ≤ i ≤ n − 1
ẏn = f (y, t) + d(t) + u
y = [y1 , y2 , . . . , yn ] ∈ Rn

(2)

where u ∈ R is the control input, f and g are unknown
nonlinear functions, and d(t) is the disturbance of system (2).
In general, the uncertainty and disturbance are assumed to be bounded as follows:
⎧
⎨ |g(x, t)| ≤ G < ∞
|f (y, t)| ≤ F < ∞
(3)
⎩
|d(t)| ≤ β
for all x ∈ Ux ⊂ Rn and y ∈ Uy ⊂ Rn , where Ux
and Uy are compact sets defined as Ux = {x ∈ Rn :
x ≤ mx < ∞} and Uy = {y ∈ Rn : y ≤ my < ∞},
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and G, F, β are known constants. System (1) is usually applied to physical systems such as the Duffing–
Holmes damped spring system, the Van der Pol equation, Genesio system [51], robot systems, and flexiblejoint mechanisms [52]. It is also assumed that f (y, t)
and g(x, t) satisfy all the necessary conditions, such
as systems (1) and (2) having unique solution in the
time interval [t0 , +∞], t0 > 0, for any given initial
condition x0 = x(t0 ) and y0 = y(t0 ). In addition, without control input (i.e., u(t) = 0), system (1) displays
chaotic motion.
Because of the butterfly effect, which causes the exponential divergence of the trajectories of two chaotic
systems started with different initial conditions, having two chaotic systems evolving in synchrony might
appear quite surprising. The control problem considered in this paper is that for different initial conditions
of systems (1) and (2), the two coupled systems (i.e.,
the master system (1) and the slave system (2)) are to
be synchronized by designing an appropriate control
u(t) in system (2) such that


(4)
lim y(t) − x(t) → 0
t→∞

where . denotes the Euclidian norm of a vector.
Let us define state errors between the master and
slave systems as
e 1 = y1 − x1 ,

e2 = y2 − x2 , . . .

en = yn − x n
⎧
ė1 = e2
⎪
⎪
⎪
⎪ė2 = e3
⎪
⎨
..
.
⎪
⎪
⎪
⎪
= en
ė
⎪
⎩ n−1
ėn = f (y, t) − g(x, t) + d(t) + u(t)

(5)

(6)

The synchronization problem can be viewed as the
problem of choosing an appropriate control law u(t)
such that the error states ei (i = 1, 2, . . . , n) in (6) converge to zero.

3 Interval Type-2 Fuzzy Logic System
Fuzzy Logic Systems (FLSs) are known as the universal approximators and have various applications in
identification and control design. A type-1 fuzzy system consists of four major parts: fuzzifier, rule base,
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Fig. 1 Interval type-2 fuzzy set (IT2FS)

inference engine, and defuzzifier. A type-2 fuzzy system has a similar structure, but one of the major differences can be seen in the rule base part, where a
type-2 rule base has antecedents and consequents using Type-2 Fuzzy Sets (T2FS). In a T2FS, a Gaussian
function with a known standard deviation is chosen,
while the mean (m) varies between m1 and m2 . Therefore, a uniform weighting is assumed to represent a
footprint of uncertainty as shaded in Fig. 1. Because
of using such a uniform weighting, we name the T2FS
as an Interval Type-2 Fuzzy Set (IT2FS).
Utilizing a rule base which consists of IT2FSs, the
output of the inference engine will also be a T2FS,
and therefore, we need a type-reducer to convert it to a
type-1 fuzzy set before defuzzification can be carried
out. Figure 2 shows the main structure of an interval
type-2 FLS.
By using singleton fuzzification, the singleton inputs are fed into the inference engine. Combining the
fuzzy if-then rules, the inference engine maps the singleton input x = [x1 , x2 , . . . , x3 ] into a type-2 fuzzy
set as the output. A typical form of an if-then rule is
Ri = if x1 is F̃1i and x2 is F̃2i and · · · and xn is F̃ni
then G̃i

(7)

where F̃ki s are the antecedents (k = 1, 2, . . . , n), and
G̃i is the consequent of the ith rule. The sup-star
method is chosen among various inference methods,
and the first step to evaluate the firing set for ith rule
is
F i (x) =

n


μF̃ i (xk )
k

k=1

(8)
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Fig. 2 Main structure of an
Interval Type-2 FLS
(IT2FLS)

ing optimization problems:
M

yl (x) =

min

∀f k ∈{f k f¯k }

M

ylk f k (x)
k=1

As all of the F̃ki s are IT2FSs, so F i (x) can be written as F i (x) = [f i (x) f i (x)], where
f (x i ) =

n

k=1

i

f (x i ) =

n


∀f k ∈{f k

f¯k } k=1

f k (x)

(12)

M

yrk f k (x)
k=1

Define flk (x) and frk (x) as the functions that
are used to solve (11) and (12), respectively, and
k
k
k
let ξlk (x) = flk (x)/ M
k=1 fl (x) and ξr (x) = fr (x)/
M
k
k=1 fr (x); then (11) and (12) can be rewritten as

Fig. 3 Computing right and left centroids for an IT2FS

i

max

(11)

k=1

M

yr (x) =

f k (x)

M

yl (x) =

M

k=1

M

flk (x) =

ylk flk (x)
k=1

ylk ξlk (x)
k=1

= θlT ξl (x)
μF̃ i (xk )

(9)

μF̃ i (xk )

(10)

k

and
M

k

yr (x) =

M

M

frk (x) =

yrk frk (x)
k=1

k=1

k=1

= θrT ξr (x)

The terms μF̃ i and μ̄F̃ i are the lower and upper
k

(13)

k

membership functions, respectively (Fig. 1).
In the next step, the firing set F i (x) is combined
with the ith consequent using the product t-norm to
produce the type-2 output fuzzy set. The type-2 output
fuzzy sets are then fed into the type reduction part. The
structure of type reducing procedure is combined with
the defuzzification procedure, which uses Center of
Sets (COS) method. First, the left and right centroids
of each rule consequent is computed using Karnik–
Mendel (KM) algorithm [53] as shown in Fig. 3. Let
us call it [yl yr ].
The firing sets F i (x) = [f i (x) f¯i (x)] computed in
inference engine are combined with the left and right
centroids of consequents, and then the defuzzified output is evaluated by finding the solutions of the follow-

where


ξl (x) = ξl1 (x) ξl2 (x) · · · ξlM (x)
and


ξr (x) = ξr1 (x) ξr2 (x) · · · ξrM (x)
are the fuzzy basis functions, and


θl (x) = yl1 (x) yl2 (x) · · · ylM (x)
and


θr (x) = yr1 (x) yr2 (x) · · · yrM (x)
are the adjustable parameters.

yrk ξrk (x)
k=1

(14)
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Finally, the crisp value is obtained by the defuzzification procedure as
 1

1
yl (x) + yr (x) = θlT ξl (x) + θrT ξr (x)
2
2
1 T
= θ ξ(x)
(15)
2

y(x) =

where θ

= [θlT

θrT ]T

and ξ

= [ξlT

SMC is an effective control methodology that has been
successfully applied to the field of chaos synchronization.
SMC design generally consists of the following two
main steps. Firstly, the selection of a sliding surface
which induces a stable reduced-order dynamics assigned by the designer. Secondly, the synthesis of a
switching control law to force the closed-loop system
trajectory onto the sliding surface (and subsequently
keeping it on that surface).
In traditional SMC, a sliding surface s representing
the desired system dynamics is chosen as
n−1

(16)

ci ei

1
V = s2
2

(19)

Then, the derivative of V is
n−1

ci ėi

(20)

i=1

4 Traditional SMC and controller design

s = en +

According to the Lyapunov stability theory [54],
a Lyapunov function is defined as

V̇ = s ṡ = s ėn +

ξrT ]T .
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i=1

The switching surface parameters {ci , i = 1, . . . ,
n − 1} are chosen based on the following two criteria.
First, the values are chosen to stabilize the system during the sliding mode. Routh–Hurwitz criterion [54] is
used to determine the range of coefficients ci that produce stable dynamics. That is, all the roots of the following characteristic polynomial describing the sliding surface have negative real parts with desirable pole
placement.

In the above equation, if V̇ is negative for all s = 0,
then the so-called reaching condition [54] is satisfied.
That is, the control signal u is designed to guarantee
that the states are hitting on the sliding surface s = 0.
In the traditional SMC, the reaching control law is
selected as ur = kw uw , and the overall control u is
determined by
u = ueq + ur = ueq + kw uw

(21)

where, kw is the switching gain, which is positive, and
uw is obtained by
uw = sgn(s)

(22)

Based on Lyapunov theory, the system states approach the hyperplane if V̇ ≤ −kw |s|. The error vector
asymptotically reduces to zero once the system states
are on s = 0.
In our proposed controller, as f (y, t), g(x, t),
and d(t) are unknown terms in (18), the equivalent
part is approximated by an Adaptive Interval Type-2
Fuzzy Inference Approximator (AIT2FIA). However,
the sign function in reaching control (22) will cause
the control input to produce chattering phenomenon.
To overcome this problem, an Interval Type-2 Fuzzy
Logic Controller (IT2FLC) is also applied to the system. In the following sections, each of the above components is described in detail.
4.1 IT2FLC design for the reaching phase

P (λ) = λn + cn−1 λn−1 + · · · + c2 λ + c1

(17)

Second, the values are chosen such that the system
during sliding mode has fast and smooth response.
When the closed loop system is in the sliding mode,
it satisfies ṡ = 0, and then the equivalent control law is
obtained by
n−1

ueq = −f (y, t) + g(x, t) − d(t) −

ci ei+1
i=1

(18)

The dynamic behavior of a type-2 fuzzy controller is
characterized by a set of linguistic rules based on an
expert’s knowledge, which is somehow fuzzy. From
this set of rules, the inference methodology of FLC
will be able to provide appropriate control action.
We can determine uw (22) by s in fuzzy slidingmode control. The reaching law for our proposed control methodology is selected as
ur = kf s uf s

(23)
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Table 1 Rule-base of IT2FLC
ṡ

s

PB

PM

PS

ZE

NS

NM

NS

PB

NB

NB

NB

NB

NM

NS

ZE

PM

NB

NB

NB

NM

NS

ZE

PS

PS

NB

NB

NM

NS

ZE

PS

PM

ZE

NB

NM

NS

ZE

PS

PM

PB

NS

NM

NS

ZE

PS

PM

PB

PB

NM

NS

ZE

PS

PM

PB

PB

PB

NB

ZE

PS

PM

PB

PB

PB

PB

Fig. 4 Fuzzy sets assigned to (a) input variables and (b) output
variable

where kf s is the normalization factor of the output
variable, and uf s is the output of the Fuzzy SMC
(FSMC), which is determined by the normalized values of s and ṡ:
uf s = FSMC(s, ṡ)

(24)
Fig. 5 The structure of interval type-2 fuzzy neural network

The type-2 membership functions used for the input variables s and ṡ, and output membership function
uf s are shown in Fig. 4. The fuzzy control rules provide the mapping of input linguistic variables to output linguistic variable uf s . The fuzzy rule table was
designed as in Table 1 [55].
4.2 AIT2FIA for the equivalent control part
Type-2 fuzzy systems are known as general function
approximators. In AIT2FIA design, we use fuzzy systems to approximate the unknown functions f (y, t)
and g(x, t).
The input–output data points obtained from the systems construct the type-2 fuzzy models.
In order to use the equivalent control law given
in (18), the functions f (y, t) and g(x, t) must be
known, but in practice, these functions may be unknown for many real-life dynamical systems. To overcome this, we use Interval Type-2 Fuzzy Neural Network (IT2FNN) as shown in Fig. 5 to approximate
the nonlinear functions f (y), g(x). Then the adaptive

laws will be developed for adjusting the parameters of
IT2FNN to attenuate the approximation error and external disturbance.
Therefore, the nonlinear unknown functions f (y)
and g(x) can be approximated by the fuzzy-neural approximators f (y|θf ) and g(x|θg ), respectively:


1  T T  θf r
= θfT ξf (y)
f (y|θf ) = ξf r ξf l
θf l
2


1  T T  θgr
= θgT ξg (x)
g(x|θg ) = ξgr ξgl
θgl
2

(25)
(26)

where θf and θg are adjustable parameters vectors.
To derive the adaptive law for adjusting θf and θg ,
we first define the optimal parameter vector θf∗ and θg∗
as



(27)
θf∗ = arg min sup f (y|θf ) − fˆ(y, t)
θf ∈Ωf y∈Uy
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onto the sliding mode (s = 0). That is, the reaching
condition s(t)ṡ(t) < 0 is guaranteed.
Defining the minimum approximation error as
 




(31)
w = f (y, t) − fˆ y|θf∗ − g(x, t) − ĝ x|θg∗
we can write



 

|w| ≤ f (y, t) − fˆ y|θf∗  + g(x, t) − ĝ x|θg∗ 
 
 




≤ θf∗T ξ(y) + f (y, t) + θg∗T ξ(x)


+ g(x, t)
≤ mf + F + mg + G

(32)

and using equation mf + F + mg + G ≤ β, it can be
easily concluded that w is bounded, i.e.,
|w| ≤ β
Fig. 6 Overall scheme of the adaptive interval type-2 fuzzy
control system

and
θg∗ = arg min





sup g(x|θg ) − ĝ(x, t)

θg ∈Ωg x∈UX

(28)

where θf and θg belong to the compact sets Ωf and
Ωg , respectively.
These sets are defined as Ωf = {θf ∈ RQ |θf  ≤
mf } and Ωg = {θg ∈ RQ |θg  ≤ mg }, where mf and
mg are finite positive constants.
From (3), (27), and (28) we can conclude that
|fˆ(y|θf )| ≤ F and |ĝ(x|θg )| ≤ G.
In practical systems, external disturbance d(t) is
unknown. Thus, fuzzy models are used to construct
the equivalent control law by replacing (18) with the
following equation:
ueq = −fˆ(y|θf ) + ĝ(x|θg ) −

n−1

ci ei+1

(29)

i=1

Theorem 1 Consider that the uncertain nonlinear
system (6) is controlled by u(t) in (30), where ueq is
(29), ur is (23), uf s is (24), and kf s > α +β. Then, the
error state trajectory converges to the sliding surface
s = 0.
Proof of Theorem 1 In order to derive the adaptive law
for adjusting θf l , θf r , θgl , and θgr , we consider the following Lyapunov function candidate:
1
1
1
V = s2 +
Φ T Φf l +
Φ T Φf r
2
4γf l f l
4γf r f r
+

1
1
T
Φgl
Φgl +
Φ T Φgr
4γgl
4γgr gr

(34)

∗ ,
where Φf r = θf r − θf∗ r , V̇ ≤ −η|s| , Φgr = θgr − θgr
∗ , and γ , γ , γ , and γ are arbitrary
Φgl = θgl − θgl
f r f l gr
gl
positive constants.
The time derivative of (34) is

V̇ = s ṡ +

1
1
Φ T Φ̇f l +
Φ T Φ̇f r
2γf l f l
2γf r f r

1
1
T
Φgl
Φ T Φ̇gr
Φ̇gl +
2γgl
2γgr gr


n−1
1
1
= s ėn +
ci ėi +
Φ T Φ̇f l +
Φ T Φ̇f r
2γf l f l
2γf r f r
+

The overall control u is chosen as
u = ueq + ur = ueq + kf s uf s

(33)

(30)

The block diagram of proposed adaptive interval type2 fuzzy controller is shown in Fig. 6.
4.3 Stability analysis
In the following theorem, the proposed scheme will be
proved to be able for deriving the nonlinear system (6)

i=1

1
1
T
Φ̇gl +
+
Φgl
Φ T Φ̇gr
2γgl
2γgr gr


n−1
1
= s f (y, t) − g(x, t) + d(t) + u +
ci ėi
2
i=1
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1
1
1
ΦfT l Φ̇f l +
ΦfT r Φ̇f r +
Φ T Φ̇gl
2γf l
2γf r
2γgl gl
1
+
Φ T Φ̇gr
2γgr gr
+





1 
= s f (y, t) − fˆ y|θf∗ + fˆ y|θf∗ − fˆ(y|θf )
2




− g(x, t) + ĝ x|θg∗ − ĝ x|θg∗ + ĝ(x|θg )

1
1
+ d(t) +
ΦfT l Φ̇f l +
Φ T Φ̇f r
2γf l
2γf r f r
1
1
Φ T Φ̇gl +
Φ T Φ̇gr
2γgl gl
2γgr gr



≤ sw − s fˆ(y|θf )fˆ y|θf∗
 



+ s ĝ x|θg − ĝ x|θg∗ + α|s|
+

− kf s |s| +

Fig. 7 Chaotic state space [57]

1
1
Φ T Φ̇f l +
Φ T Φ̇f r
2γf l f l
2γf r f r

Therefore, we obtain

1
1
Φ T Φ̇gl +
Φ T Φ̇gr
2γgl gl
2γgr gr


1
1
≤ (α + β − kf s )|s| + ΦfT r −sξf r (y) +
2
γf r


1
1
+ ΦfT l −sξf l (y) +
2
γf l


1
1 T
+ Φgr −sξgr (x) +
2
γgr


1
1 T
(35)
+ Φgl −sξgl (x) +
2
γgl
+

Using the above equation, we choose the adaptive
laws as
− sξf r (y) +

1
θ̇f r = 0
γf r

⇒

θ̇f r = γf r sξf r (y)
(36)

1
θ̇f l = 0
− sξf l (y) +
γf l

⇒

1
θ̇gr = 0
γgr

⇒

θ̇gr = −γgr sξgr (x)
(38)

sξgl (x) +

1
θ̇gl = 0
γgl

⇒

θ̇gl = −γgl sξgl (x) (39)

(40)

By selecting kf s − (α + β) = η (kf s > (α + β)) we
have
V̇ ≤ −η|s|

(41)

As a result, the system is stable, and the error will asymptotically converge to zero.


5 Simulation result
In this section, a synchronization of two nonidentical
chaotic systems is simulated. The simulation results of
the proposed AIT2FSMC are compared with the traditional Adaptive Fuzzy SMC (AFSMC) [56].
The master system is described by the following
differential equation [57]:


θ̇f l = γf l sξf l (y)
(37)

sξgr (x) +



V̇ ≤ − kf s − (α + β) |s|

ẋ1 = x2
ẋ2 = −0.4x2 + 1.1x1 − x13 − 2.1 cos(1.8 t)

(42)

The chaotic behavior of this system is shown in
Fig. 7.
The slave system is described by the following differential equation (Duffing System) [58]:


ẏ1 = y2
ẏ2 = 1.8y1 − 0.1y2 − y13 − 1.1 cos(0.4 t)

(43)
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The above systems exhibit chaotic behavior as
shown in Fig. 8.
The control objective is to synchronize the Duffing
system with the master system. The control function
u(t) is added into the slave system. System initial conditions are x(0) = [0, 0]T and y(0) = [1, 1]T for the
master and slave systems, respectively, and the proposed control input signal, using (30), is described as
u = ueq + ur
= −fˆ(y|θf ) + ĝ(x|θg ) −

n−1

ci ei+1 + kf s uf s (44)
i=1

To design the equivalent part of control signal,
the input variables of the fuzzy systems fˆ(y|θf ) and
ĝ(x|θg ) are chosen as y = [y1 , y2 ] and x = [x1 , x2 ].
For each variable xi , yi , i = 1, 2, we define five type-2
Gaussian membership functions with initial values
θf (0) = O2×5 and θg (0) = O2×5 . To design the reaching part of control signal, the input variables of the
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fuzzy system for uf s = FSMC(s, ṡ) are chosen as
[sn , ṡn ], where sn = s/5 and ṡn = ṡ/50 are the normalized values of s and ṡ, then we define seven type-2
Gaussian membership functions as shown in Fig. 4(a).
The output singleton values for left mean and right
mean are chosen as θl = [−1.0, −0.7, −0.4, −0.1,
0.3, 0.6, 0.9] and θr = [−0.9, −0.6, −0.3, 0.1, 0.4,
0.7, 1.0], respectively (Fig. 4(b)), finally the design
parameter used in (23) is chosen as kf s = 5.
To illustrate the results, the performance of the proposed approach is evaluated for two experiments. In
the first experiment, we give the simulation results
of our proposed AIT2FSMC compared to traditional
AFSMC [56] in synchronization of two aforementioned nonidentical chaotic systems. In the second experiment, the performance of the proposed controller
is investigated in the presence of 20-Db noise applied
to the measured states of both master and slave systems, while other conditions are the same as first experiment.
Experiment 1: Synchronization in the absence of
noise
Two adaptive fuzzy controllers are considered with a
common control structure as shown in Fig. 9. Simulation results using AIT2FSMC are compared with AFSMC [56].
State space trajectories and control input signals
are illustrated in Figs. 10–11. In addition, to make the
comparison between two methods more obvious, we
focus on the first 0.4 seconds of the experiment time
interval in Fig. 12.
Experiment 2: Synchronization in the presence of
20-Db noise

Fig. 8 Duffing system state space [58]

Fig. 9 Block diagram of
adaptive interval type-2
fuzzy sliding mode
controller

System synchronization in presence of 20-Db noise
as shown in Fig. 13 is illustrated in this section, and
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Fig. 10 Synchronization
using AFSMC [56] and
AIT2FSMC

Fig. 11 Control input for
AFSMC [56] and
AIT2FSMC

Fig. 12 Synchronization of
two chaotic systems using
AFSMC [56] and
AIT2FSMC in the interval
of t = [0, 0.4] (the state y1
following x1 and the output
of the slave y2 following
the output of master the x2 )
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Fig. 13 Block diagram of
adaptive fuzzy sliding mode
controller in presence of
noise

Fig. 14 Synchronization of
two chaotic systems using
AFSMC [56] and
AIT2FSMC in presence of
20-Db noise (the state y1
following x1 and the output
of the slave y2 following
the output of the master x2 )

Fig. 15 Control input for
AFSMC [56] and
AIT2FSMC in presence of
20-Db noise

AIT2F SMC and AFSMC [56] are compared. State
space trajectories and control inputs are illustrated in
Figs. 14–15.

The comparison between two methods can be more
obvious when we focus on the first 0.4 seconds of the
experiment time interval (Fig. 16). As can be seen,

678
Table 2 IAE comparison
between AIT2FSMC and
AFSMC [56]
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∫20
0 |e1 (t)| dt
∫20
0 |e2 (t)| dt

SNR = 20

SNR = 26

SNR = 38

SNR = 44

SNR = 50

Type I

1.71

1.21

0.87

0.86

0.85

Type II

1.28

0.98

0.81

0.80

0.79

Type I

3.10

2.40

1.96

1.89

1.88

Type II

2.43

2.06

1.87

1.86

1.85

Fig. 16 Synchronization of
two chaotic systems using
AFSMC [56] and
AIT2FSMC in presence of
20-Db noise in the interval
of t = [0, 0.4] (the state y1
following x1 and the output
of the slave y2 following
the output of the master x2 )

to Noise Ratios (SNRs). Integral of Absolute Error
(IAE) is selected as the criterion. It is indicated that
IAE for AIT2FSMC is much less than traditional AFSMC [56] in low SNRs, which shows the effectiveness of AIT2FSMC in the presence of noise (Fig. 17,
Table 2).
The results in Table 2 clearly indicate that the performance of our proposed type-2 controller is better
than type-1 method. As can be seen in high SNRs
both of the methods have near performances but in low
SNRs type-1 controller [56] has large IAEs while our
proposed controller has still low IAEs.

6 Conclusion

Fig. 17 IAE of AFSMC [56] and AIT2FSMC when a white
Gaussian noise is applied to the system

the synchronization performance of the interval type-2
fuzzy controller is better than the other one.
In order to have a quantitative comparison between different methods a white Gaussian noise is
applied to the measured signal with various Signal

In this paper, the synchronization problem for a class
of uncertain chaotic systems in presence of external disturbance and internal uncertainties was investigated. Based on the Lyapunov stability theory, an
Adaptive Interval Type-2 Fuzzy Sliding Mode Controller (AIT2FS MC) with corresponding parameter
update laws was developed for global synchronization of the identical or nonidentical chaotic systems,
where the structure of the controlled system is partially unknown. In addition, the major drawback of
an SMC controller in a practical application, which
is the chattering problem, is reduced by replacing the

Synchronization of two different chaotic systems using novel adaptive interval type-2 fuzzy sliding

relay control by an Interval Type-2 Fuzzy Logic Controller (IT2FLC). All the theoretical results are verified
by numerical simulations to demonstrate the effectiveness of the proposed synchronization scheme.
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